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HARDY AND RELLICH INEQUALITIES FOR
SUBMANIFOLDS IN HADAMARD SPACES
M. BATISTA, H. MIRANDOLA, AND F. VITO´RIO
Abstract. Some of the most known integral inequalities are the Sobolev,
Hardy and Rellich inequalities in Euclidean spaces. In the context of
submanifolds, the Sobolev inequality was proved by Michael-Simon [10]
and Hoffman-Spruck [9]. Since then, a sort of applications to the sub-
manifold theory has been derived from those inequalities. Years later,
Carron [4] obtained a Hardy inequality for submanifolds in Hadamard
spaces. In this paper, we prove the general Hardy and Rellich Inequali-
ties for submanifolds in Hadamard spaces. Some applications are given
and we also analyse the equality cases.
1. Introduction
Over the years, geometers have been interested in understanding how
integral inequalities imply geometric and topological obstructions on Rie-
mannian manifolds. Under this purpose, some integral inequalities lead us
to study positive solutions to critical singular quasilinear elliptic problems,
sharp constants, existence, non-existence, rigidity and symmetry results for
extremal functions on subsets in the Euclidean space. About these subjects,
a comprehensive material can be found, for instance, in [1], [2], [4], [7], [5],
[6], [9], [10], [11] and references therein.
In the literature, some of the most known integral inequalities are the
Sobolev, Hardy and Rellich inequalities. The validity of these inequalities
and their corresponding sharp constants on a given Riemannian manifold
measures, in some suitable sense, how close that manifold is to an Euclidean
space. These inequalities can be applied to obtain results such as com-
parison for the volume growth, estimates of the essencial spectrum for the
Schro¨dinger operators, parabolicity, among others properties (see, for in-
stance, [12, 8, 14]).
In this paper, we obtain the general Hardy and Rellich Inequalities for
submanifolds in Hadamard ambient spaces using an elementary and very
efficient approach. Furthermore, we analyse the equalities cases. At the end
of this paper, we give some applications.
This paper is organized as follows. In the section below, we introduce
our notation and show some simple facts about isometric immersions that
will be useful in the proofs of the present paper. In Section 3 and 4, we
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prove Hardy and Rellich Inequalities for submanifolds in Hadamard spaces.
In Section 5 we study the equality cases and do some blowup analysis to
show that all the integral in our inequalities converge. The later section is
devoted to applications.
2. Preliminaries
Let us start recalling some basic concepts, notations and properties about
submanifolds. First, let M =Mk be a k-dimensional Riemannian manifold
with (possibly nonempty) boundary ∂M . Assume M is isometrically im-
mersed in a n-dimensional Hadamard space M¯n (that means M¯ is a com-
plete simply-connected manifold with non positive sectional curvature). We
will denote by f : M → M¯ the isometric immersion. By abuse of notation,
sometimes, we will identify f(x) = x, for all x ∈ M . No restriction on the
codimension of f is required. Let 〈·, ·〉 denote the Riemannian metric on M¯
and consider the same notation to the metric induced on M . Associated to
these metrics, consider ∇¯ and ∇ the Levi-Civita connections on M¯ and M ,
respectively. It is well known that ∇Y Z = (∇¯Y Z)⊤, where ⊤ means the
orthogonal projection onto the tangent bundle TM . The Gauss equation
says
∇¯Y Z = ∇Y Z + II(Y,Z),
where II is a quadratic form named by second fundamental form. The mean
curvature vector is defined by H = TrM II.
Fixed ξ ∈ M¯ , let rξ = dM¯ (· , ξ) be the distance on M¯ from ξ. Since M¯
is a Hadamard space, by the Hessian comparison theorem (see Theorem 2.3
page 29 of [13]), we have
(1) Hess r(v, v) ≥ 1
r
(1− 〈∇¯r, v〉2),
for all points in M¯∗ = M¯ \ {ξ} and vector fields v : M¯∗ → TM¯ with
|v| = 1. Here, ∇¯r denotes the gradient vector, on M¯ , of r. For a vector field
Y :M → TM¯ , the divergence of Y on M is given by
divMY =
k∑
i=1
〈∇¯eiY, ei〉,
where {e1, · · · , ek} denotes a local orthonormal frame on M . By simple
computations, one has
Lemma 2.1. Let Y : M → TM¯ be a vector field and ψ ∈ C1(M). The
following items hold
(a) divMY = divMY
⊤ − 〈H,Y 〉;
(b) divM (ψY ) = ψ divMY + 〈∇Mψ, Y 〉,
where ∇Mψ denotes the gradient vector, on M , of ψ.
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Henceforth, we will denote by X :M → TM¯ the radial vector X = r∇¯r.
We see that X is continuous, with |X| = r and differentiable in M \ {ξ}.
The following lemma holds
Lemma 2.2. Let γ and p be real numbers and ψ ∈ C1(M). The isometric
immersion f :M → M¯ satisfies:
(2) divM (
ψpX⊤
|X|γ ) ≥
ψp
|X|γ [k − γ +
γ|X⊥|2
|X|2 ] + 〈 p∇
Mψ + ψH,
ψp−1X
|X|γ 〉
and
(3)
1
2− γ∆(
1
|X|γ−2 ) ≥
k − γ
|X|γ + γ
|X⊥|2
|X|γ+2 + 〈
X
|X|γ ,H〉,
where (·)⊥ means the orthogonal projection on the normal bundle of M .
Moreover, for both inequalities, (2) and (3), their corresponding equalities
occur if and only if the radial curvature (Krad)ξ = 0 in supp (ψ) and M ,
respectively.
Before to prove Lemma 2.2, let us recall the definition of radial sectional
curvature. Let x ∈ M¯ and, since M¯ is complete, let γ : [0, t0 = rξ(x)]→ M¯
be a minimizing geodesic in M¯ from ξ to x. For all orthonormal pair of
vectors Y,Z ∈ TxM¯ we define (K¯rad)ξ(Y,Z) = 〈R¯(Y, γ′(t0))γ′(t0), Z〉.
Proof of Lemma 2.2. By the Hessian comparison theorem (1), divMX ≥ k
and divMX = k if and only if (Krad)ξ = 0 in M . Furthermore, since
|X| = r, the gradient vector ∇M |X| = XT|X| . By Lemma 2.1 (b), and using
that |X|2 = |X⊤|2 + |X⊥|2, one has
divM (
X
|X|γ ) =
1
|X|γ divMX + 〈∇
M (
1
|X|γ ), X〉 ≥
k − γ
|X|γ + γ
|X⊥|2
|X|γ+2 .
Thus, by Lemma 2.1 (a), one has
divM (
XT
|X|γ ) = divM (
X
|X|γ ) + 〈H,
X
|X|γ 〉 ≥
k − γ
|X|γ + γ
|X⊥|2
|X|γ+2 + 〈
X
|X|γ ,H〉.
Hence, using Lemma 2.1 (b), Item (2) follows.
Now, since ∇M ( 1|X|γ−2 ) = −(γ−2) |X|−(γ−2)−1 ∇M(|X|) = −(γ−2) X
T
|X|γ ,
one has ∆( 1
|X|γ−2
) = −(γ − 2) divM ( XT|X|γ ). Item (3) follows. Lemma 2.2 is
proved. 
3. Hardy Inequalities for submanifolds
Carron [4] proved the following result:
Theorem A (Carron). Let Mk be a complete non-compact manifold, with
k ≥ 3, isometrically immersed in a Hadamard space M¯ . Let r = dM¯ (· , ξ)
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be the distance on M¯ from any fixed point ξ ∈ M¯ . Then, for all compactly
supported function ψ ∈ C10 (M), the following Hardy inequality holds:
(k − 2)2
4
∫
M
ψ2
r2
≤
∫
M
[|∇Mψ|2 + (k − 2)|H|ψ2
2r
]
.
For the special case that M is a minimal submanifold in Hadamard man-
ifold M¯ , Theorem A was generalized by Bianchini, Mari and Rigoli [3] in
order to obtain some Yamabe type equations.
It is worthwhile to recall that in the present paper we are assuming M
compact with (possibly nonempty) boundary ∂M . Comparing with assump-
tions in Theorem A, ifM were assumed complete and non-compact then, for
a given ψ ∈ C10 (M), we could consider a compact manifold M ′ with smooth
boundary ∂M ′ satisfying supp (ψ) ⊂M ′ ⊂M .
Our first result is a Hardy-type inequality for submanifolds that gener-
alizes of Theorem A. As a consequence of Theorem 3.2, it follows that the
equality in Carron’s Theorem occurs if and only if ψ = 0 in M .
Theorem 3.1. Let Mk be a compact manifold with (possibly nonempty)
boundary ∂M . Assume M is isometrically immersed in a Hadamard man-
ifold M¯ and let r = dM¯ (· , ξ) be the distance in M¯ from any fixed point ξ.
Let 1 ≤ p <∞ and −∞ < γ < k. For all 0 ≤ ψ ∈ C1(M), it holds
(k − γ)p
pp
∫
M
ψp
rγ
+
(k − γ)p−1
pp−1
∫
M
ψp
rγ
Φ+ ≤
∫
M
|∇Mψ|p
rγ−p
+
(k − γ)p−1
pp−1
∫
M
ψp
rγ
Φ− +
(k − γ)p−1
pp−1
∫
∂M
ψp
rγ−1
〈∇¯r, ν〉,(4)
where Φ = γ|∇¯r⊥|2 + r〈∇¯r,H〉. Here, Φ+,Φ− denote the positive and neg-
ative parts of Φ, respectively, and ν is the exterior conormal to ∂M . More-
over, if p > 1, the equality above holds if and only if ψ = 0 in M .
To see how Theorem 3.1 generalizes Theorem A above, if γ ≥ 0 then
Φ+ = γ|∇¯r⊥|2 + r〈∇¯r,H〉+ ≥ γ|∇¯r⊥|2
Φ− = r〈∇¯r,H〉− ≤ r|〈∇¯r,H〉|.
For p = γ = 2, it holds
∫
M
ψ2
r2
Φ− ≤ ∫
M
ψ2
r
|H|, hence Theorem A follows as
Theorem 3.1. Furthermore, as a consequence of Theorem 3.1, it holds:
Corollary 3.1. Let Mk be a compact manifold with (possibly nonempty)
boundary ∂M . Assume M is isometrically immersed in a Hadamard mani-
fold M¯ and let r = dM¯ (· , ξ) be the distance in M¯ from a fixed point ξ ∈ M¯ .
Let 1 ≤ p <∞ and −∞ < γ < k. For all 0 ≤ ψ ∈ C1(M), it holds
(k − γ)p
pp
∫
M
ψp
rγ
+
γ(k − γ)p−1
pp−1
∫
M
ψp
rγ
|∇¯r⊥|2 ≤
∫
M
|∇Mψ|p
rγ−p
+
(k − γ)p−1
pp−1
∫
M
ψp
rγ−1
|〈H, ∇¯r〉| + (k − γ)
p−1
pp−1
∫
∂M
ψp
rγ−1
〈∇¯r, ν〉.
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Moreover, if p > 1, the equality above holds if and only if ψ = 0 in M .
Proof. If γ ≥ 0, Corollary 3.1 follows from Theorem 3.1 togheter with the
facts Φ+ ≥ γ|∇¯r⊥| and Φ− ≤ r|〈∇¯r,H〉|. Now, if γ < 0 then ∫
M
ψp
rγ
exists.
Thus, since Φ = Φ+ − Φ− = γ|∇¯r⊥|2 + r〈∇¯r,H〉, by Theorem 3.1,
(k − γ)p
pp
∫
M
ψp
rγ
+
(k − γ)p−1
pp−1
∫
M
ψp
rγ
[
γ|∇¯r⊥|2 + r〈∇¯r,H〉]
≤
∫
M
|∇Mψ|p
rγ−p
+
(k − γ)p−1
pp−1
∫
∂M
ψp
rγ−1
〈∇¯r, ν〉,
Corollary 3.1 follows from the triangular inequality, −r〈∇¯r,H〉 ≤ r|〈∇¯r,H〉|.

Now, we will prove Theorem 3.1.
Proof of Theorem 3.1. For convenience, we will prove this theorem by con-
sidering the radial vector field X = r∇¯r. Set 0 ≤ ψ ∈ C1(M).
First, assume p > 1. Write γ = α+ β + 1 with α, β ∈ R. By Lemma 2.2,
divM (
ψpX⊤
|X|γ ) ≥
ψp
|X|γ [k − γ +
γ|X⊥|2
|X|2 ] + 〈p∇
Mψ + ψH,
ψp−1X
|X|γ 〉
=
ψp
|X|γ [k − γ +
γ|X⊥|2
|X|2 ] + 〈
p∇Mψ
|X|α ,
ψp−1X
|X|β+1 〉+
ψp
|X|γ 〈H,X〉.(5)
Moreover, if the equality in (5) holds then the radial curvature (Krad)ξ = 0
in suppψ. Thus, using Cauchy-Schwarz Inequality and Young Inequality
with ǫ > 0,
divM (
ψpX⊤
|X|γ ) ≥
ψp
|X|γ
[
k − γ + γ|X
⊥|2
|X|2 + 〈
~H,X〉]
− 1
pǫp
|p∇Mψ|p
|X|pα −
ǫq
q
ψ(p−1)q
|X|qβ ,(6)
where p > 1 and q = p
p−1 .
Now, we take β satisfying βq = γ, that is, β = (p − 1)(α + 1). Since
γ = α+ β + 1, we see easily that pα = γ − p. Thus,
h(ǫ)
ψp
|X|γ + ǫ
p ψ
p
|X|γ
[
γ
|X⊥|2
|X|2 + 〈H,X〉
]
≤ pp−1 |∇
Mψ|p
|X|γ−p + ǫ
p divM (
ψpX⊤
|X|γ ),(7)
where h(ǫ) = ǫp(k − γ − ǫq
q
). The function h achieves its maximum at the
instant ǫ = (k − γ) p−1p , with h(ǫ) = (k−γ)p
p
. Thus, it holds
(8)
(k − γ)p
pp
ψp
|X|γ +
(k − γ)p−1
pp−1
ψpΦ
|X|γ ≤
|∇Mψ|p
|X|γ−p +
(k − γ)p−1
pp−1
divM
ψpX⊤
|X|γ ,
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where Φ = γ |X
⊥|2
|X|2
+ 〈H,X〉 = γ|∇¯r⊥|2 + r〈∇¯r,H〉. We observe that (8)
remains valid for p = 1, just considering (8) with p > 1 and taking p→ 1.
We claim that
∫
M
divM (
ψpX⊤
|X|γ ) =
∫
∂M
ψp
|X|γ 〈X, ν〉 holds even when 0 ∈M .
In fact, if 0 /∈ M , we can apply the divergence theorem directly. If 0 ∈ M ,
we consider a small regular value r0 > 0 for the distance function r = |X|.
We have∫
M∩[|X|>r0]
divM (
ψpX⊤
|X|γ ) =
∫
[∂M∩[|X|>r0]]∪[M∩[|X|=r0]]
ψp
|X|γ 〈X, ν〉
=
∫
[∂M∩[|X|>r0]]
ψp
|X|γ 〈X, ν〉+O(r
1−γ
0 )O(r
k−1
0 ),(9)
as r0 → 0. Thus, since k− γ > 0 e
∫
∂M
ψp
|X|γ−1
exists (see (26) in Section 5),
by the dominated convergence theorem, taking r0 → 0, our claim follows.
Using (8) and (9),
(k − γ)p
pp
∫
M
ψp
|X|γ +
(k − γ)p−1
pp−1
∫
M
ψp
|X|γΦ
+ ≤
∫
M
|∇Mψ|p
|X|γ−p
+
(k − γ)p−1
pp−1
∫
M
ψp
|X|γΦ
− +
(k − γ)p−1
pp−1
∫
∂M
ψp
|X|γ 〈X, ν〉,(10)
where Φ+ and Φ− denotes the positive and negative parts of Φ and ν is the
outward pointing unit normal field of the boundary ∂M .
Now, assume the equality in (10) holds. We will prove that ψ = 0 in M. In
fact, the equality in (10) implies the radial seccional curvature (K¯rad)ξ = 0 in
suppψ and also imply the equalities in the Cauchy and Young Inequalities,
with ǫq = k − γ, holds in (6). Thus, we obtain
∇Mψ = −λX, and(11)
pp|∇Mψ|p
ǫp|X|αp =
ǫqψ(p−1)q
|X|βq ,(12)
where λ ≥ 0 is a continuous function on M , and the constants α and β
satisfy αp = γ − p and βq = γ. Since ǫp+q = ǫpq = (k − γ)p, by (12),
(13)
(k − γ)p
pp
ψp
|X|γ =
|∇Mψ|p
|X|γ−p .
Hence, from (11),
(14) ∇Mψ = −k − γ
p
ψX.
In particular, it holds XT = X and X = 12∇M (|X|2). By contradiction,
assume that the open subsetW = {ψ > 0} is nonempty. Using (14) and the
fact X = 12∇M (|X|2), one has ∇M (logψ + k−γ2p |X|2) = 0, in W . Hence,
(15) ψ = De
− k−γ
2p
|X|2
,
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in W , for some constant D > 0. This implies ψ > 0 everywhere in M .
Moreover, using that X⊥ = 0, by (8) (with the equality case) and (13), one
also obtains
(16) divM (
ψpXT
|X|γ ) = 0,
everywhere in M . On the other hand, since ψp = Dpe−
k−γ
2
|X|2 , and again
usingXT = X, it follows by (2) in Lemma 2.2 (with equality since the radial
curvature (Krad)ξ = 0 in M), and (14), we obtain
divM (
ψpXT
|X|γ ) =
1
|X|γ [(k − γ)ψ
p + pψp−1〈∇Mψ,X〉]
=
(k − γ)ψp
|X|γ [1− |X|
2].
Thus, by (16), one has ψp(1 − |X|2) = 0 everywhere in M , which is a
contradiction, since |X|2 = 1 would imply XT = 0 in M , hence X = 0
everywhere in M . Therefore, ψ = 0 in M . Theorem 3.1 is proved. 
It is straightforward to verify that with the same steps as in the proof
of Theorem 3.1 above, but applying in (5) Cauchy-Schwarz and Young In-
equalities directly to 〈p∇Mψ+ψH, ψp−1X|X|γ 〉 instead 〈p∇Mψ, ψ
p−1X
|X|γ 〉, one can
prove the following variance of Theorem 3.1.
Theorem 3.2. Under the same hypothesis of Theorem 3.1, for all 0 ≤ ψ ∈
C1(M), it holds
(k − γ)p
pp
∫
M
ψp
rγ
+
γ(k − γ)p−1
pp−1
∫
M
ψp
rγ
|∇¯r⊥|2
≤
∫
M
1
rγ−p
∣∣∇Mψ + ψH
p
∣∣p + (k − γ)p−1
pp−1
∫
∂M
ψp
rγ−1
.
Moreover, if p > 1, the equality holds if and only if ψ = 0 in M .
4. Rellich Inequalities for submanifolds
Theorem 4.1. Let Mk be a compact manifold with (possibly nonempty)
boundary ∂M . Assume M is isometrically immersed in a Hadamard man-
ifold M¯ . Let r = dM¯ (· , ξ) be the distance in M¯ from a fixed point ξ ∈ M¯ .
Let p ≥ 1 and 2 < γ < k. For the special case that M¯ has radial curvature
(K¯rad)ξ = 0 (e.g., M¯ = R
n), we relax the hypothesis about γ by assuming
2− (p− 1)(k − 2) < γ < k. For all 0 ≤ ψ ∈ C1(M), it holds:
(17) A
∫
M
ψp
rγ
+B
∫
M
ψp
rγ
Φ+ ≤
∫
M
|∆ψ|p
rγ−2p
+B
∫
M
ψp
rγ
Φ−+
∫
∂M
ψp−1
rγ−2
〈W,ν〉.
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Here Φ = γ|∇¯r⊥|2 + r〈∇¯r,H〉, and
A = A(k, γ, p) =
Ep
pp
=
(k − γ)p
p2p
[
γ − 2 + (p− 1)(k − 2)]p > 0,
B = B(k, γ, p) =
Ep−1
pp−1
[ E
k − γ +
p− 1
p
]
> 0, and
W =W (k, γ, p) =
Ep−1
pp−2
∇Mψ +Bψ∇¯r
T
r
,
with
E =
k − γ
p
[
γ − 2 + (p− 1)(k − 2)] > 0.
Furthermore, if p > 1, the equality in (17) holds if and only if ψ = 0 in M .
A special case occurs when γ = 2p. In this case, it holds
Corollary 4.1. Let M be a compact manifold with (possibly nonempty)
boundary ∂M . Assume M is isometrically immersed in a Hadamard man-
ifold M¯ and let r = dM¯ (· , ξ) be the distance in M¯ from a fixed point ξ.
Assume k > 2p, for some p > 1. Then, for all 0 ≤ ψ ∈ C1(M), it holds
A
∫
M
ψp
r2p
+B
∫
M
ψp
r2p
Φ+ ≤
∫
M
|∆ψ|p +B
∫
M
ψp
r2p
Φ− +
∫
∂M
ψp−1
r2(p−1)
〈W,ν〉.
Here, Φ = 2p|∇¯r⊥|2 + r〈∇¯r,H〉, and
A =
kp
p2p
(k − 2p)p(p− 1)p;
B =
kp−1
p2p−1
(k − 2p)p−1(p− 1)p(k + 1); and
W =
(k − 2p)p−1kp−1(p− 1)p−1
p2p−3
[∇Mψ + (p− 1)(k + 1)
p2
ψ∇¯r⊤
r
]
.
Moreover, the equality holds if and only if ψ = 0 everywhere in M .
Now, we will prove Theorem 4.1.
Proof of Theorem 4.1. As in the proof of Theorem 3.1, for convenience, we
will prove this theorem by considering the radial vector field X = r∇¯r. By
Lemma 2.2,
∆ψp
(2− γ)|X|γ−2 =
1
2− γ
[
ψp∆(
1
|X|γ−2 ) + divM
[∇Mψp
|X|γ−2 − ψ
p∇M ( 1|X|γ−2 )
]]
≥ 1
2− γdivMY + ψ
p
[k − γ
|X|γ + γ
|X⊥|2
|X|γ+2 + 〈
X
|X|γ ,H〉
]
,
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where Y = ∇
Mψp
|X|γ−2
+ (γ−2)ψ
pXT
|X|γ . Using that γ > 2 and ∆ψ
p = pψp−2[ψ∆ψ+
(p− 1)|∇Mψ|2], we obtain
pψp−1∆ψ
|X|γ−2 +
p(p− 1)ψp−2|∇Mψ|2
|X|γ−2 ≤ divMY
− (γ − 2) ψ
p
|X|γ
[
k − γ + γ|X
⊥|2
|X|2 + 〈X,H〉
]
.(18)
Furthermore, the equality in (18) also remains valid when γ = 2 or when
the radial curvature (Krad)ξ = 0. Henceforth, we will assume γ ≥ 2 or
(Krad)ξ = 0. So, (18) holds.
We write γ = α+β+1, hence γ−2 = (α−1)+β. Using Young Inequality
with σ > 0, we have
p∆ψ
ψp−1
|X|γ−2 ≥ −
1
pσp
|p∆ψ|p
|X|(α−1)p −
σq
q
ψ(p−1)q
|X|βq ,
where q = p
p−1 . As in the proof of Theorem 3.1, we take βq = γ. We obtain
β = (p− 1)(α + 1) and p(α− 1) = γ − 2p. Thus,
(19)
pψp−1∆ψ
|X|γ−2 ≥ −
1
pσp
|p∆ψ|p
|X|γ−2p −
σq
q
ψp
|X|γ .
Applying (19) into (18), one has
[
(γ − 2)(k − γ)− σ
q
q
] ψp
|X|γ + p(p− 1)ψ
p−2 |∇Mψ|2
|X|γ−2
≤ divY + p
p−1
σp
|∆ψ|p
|X|γ−2p − (γ − 2)
ψp
|X|γ
[γ|X⊥|2
|X|2 + 〈X,H〉
]
.(20)
On the other hand, we write p = a+ b+ 1. By Lemma 2.2,
divM (
ψpX⊤
|X|γ ) ≥ ψ
p[
k − γ
|X|γ +
γ|X⊥|2
|X|γ+2 ] + 〈p∇
Mψ + ψH,
ψp−1X
|X|γ 〉
= ψp[
k − γ
|X|γ +
γ|X⊥|2
|X|γ+2 ] + 〈
pψa∇Mψ
|X|α ,
ψbX
|X|β+1 〉+
ψp
|X|γ 〈H,X〉.(21)
By Cauchy-Schwarz Inequality and Young Inequality with ǫ > 0,
(22) 〈pψ
a∇Mψ
|X|α ,
ψbX
|X|β+1 〉 ≥ −
p2
2ǫ2
ψ2a|∇Mψ|2
|X|2α −
ǫ2
2
ψ2b
|X|2β .
We take 2a = p− 2, 2b = p, 2β = γ and 2α = γ − 2. By (21) and (22),
divM (
ψpX⊤
|X|γ ) ≥
ψp
|X|γ [k − γ +
γ|X⊥|2
|X|2 ] +
ψp
|X|γ 〈
~H,X〉
− p
2
2ǫ2
ψp−2|∇Mψ|2
|X|γ−2 −
ǫ2
2
ψp
|X|γ .
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Thus,
p2
2
ψp−2|∇Mψ|2
|X|γ−2 ≥
h(ǫ)ψp
|X|γ +
ǫ2ψp
|X|γΦ− divM (
ǫ2ψpX⊤
|X|γ ),
where Φ = γ|X
⊥|2
|X|2
+〈X,H〉 and h(ǫ) = ǫ2(k−γ− ǫ22 ). Plotting this inequality
into (20), we obtain
(23) A
ψp
|X|γ +B
ψp
|X|γΦ ≤ divMZ +
|∆ψ|p
|X|γ−2p ,
where
A = A(σ, ǫ) =
σp
pp−1
[
(γ − 2)(k − γ)− σ
q
q
+
2(p − 1)h(ǫ)
p
]
;
B = B(σ, ǫ) =
σp
pp−1
[
γ − 2 + 2(p− 1)ǫ
2
p
]
;
Z = Z(σ, ǫ) =
σp
pp−1
[
Y +
2(p − 1)ǫ2
p
ψpXT
|X|γ
]
=
σp
pp−1
[∇Mψp
|X|γ−2 +
(
γ − 2 + 2(p − 1)ǫ
2
p
)ψpXT
|X|γ
]
.
In order to maximize A(σ, ǫ), note that ∂A
∂ǫ
= 0 if and only if h′(ǫ) = 0,
which gives ǫ2 = k − γ, with h(ǫ) = (k−γ)22 . Hence,
A =
σp
pp−1
[(γ − 2)(k − γ) + p− 1
p
(k − γ)2 − σ
q
q
] =
σp
pp−1
[E − σ
q
q
],
where
(24) E = (k − γ)[γ − 2 + p− 1
p
(k − γ)] = (k − γ)
p
[γ − 2 + (p− 1)(k − 2)].
Thus, ∂A
∂σ
= 0 if and only if σq = E. Note that if k − γ > 0 then E > 0 if
and only if γ > 2 − (k − 2)(p − 1). So, by hipothesis, E > 0. We obtain
A = σ
p
pp−1
E
p
= σ
p+q
pp
= σ
pq
pp
= E
p
pp
. It is easy to see that max
σ,ǫ
A(σ, ǫ) = Ep/p.
Hence
A =
Ep
pp
=
(k − γ)p
p2p
[
γ − 2 + (p − 1)(k − 2)]p.
Furthermore,
B =
Ep−1
pp−1
[
γ − 2 + 2(p − 1)(k − γ)
p
]
=
Ep−1
pp−1
[ E
k − γ +
p− 1
p
]
> 0;
Z =
Ep−1
pp−1
[pψp−1∇Mψ
|X|γ−2 +
[
γ − 2 + 2(p − 1)(k − γ)
p
]ψpXT
|X|γ
]
=
ψp−1
|X|γ−2
[Ep−1
pp−2
∇Mψ +BψX
T
|X|2
]
=
ψp−1
|X|γ−2W,
where W = E
p−1
pp−2
∇Mψ +B ψXT
|X|2
.
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As in the proof of Theorem 3.1, for a small regular value r0 of the geodesic
distance r = |X| satisfies∫
M∩[|X|>r0]
divMZ =
∫
[∂M∩[|X|>r0]]∪[M∩[|X|=r0]]
〈Z, ν〉
=
∫
[∂M∩[|X|>r0]]
〈Z, ν〉 + [O(r2−γ0 ) +O(r1−γ0 )]O(rk−10 )
=
∫
[∂M∩[|X|>r0]]
〈Z, ν〉 +O(rk−γ0 )
So, one has
∫
M
divMZ = limr0→0
∫
M∩[|X|>r0]
divMZ =
∫
∂M
〈Z, ν〉.
Therefore, using (23),
A
∫
M
ψp
|X|γ +B
∫
M
ψp
|X|γΦ
+ ≤
∫
M
|∆ψ|p
|X|γ−2p +B
∫
M
ψp
|X|γΦ
− +
∫
∂M
〈Z, ν〉.
Furthermore, if the equality holds, then (Krad)ξ = 0 in suppψ and the
equality holds in (22) with ǫ2 = k−γ. Thus, it holds that ∇Mψ = −k−γ
p
ψX.
Following the same arguments in the proof of Theorem 3.1 (after equation
(14)) we will obtain ψ = 0. Theorem 4.1 is proved. 
5. Equality cases and blowup analysis
Let us do a blowup analysis near the point ξ in order to show that the
integrals in (4) converge. Note que if ξ 6∈ M or γ ≤ 0, then 1
rγ
∈ C1(M)
hence all the integrals in (4) and (17) converge. Assume γ > 0 and ξ ∈M .
Since M is compact and isometrically immersed in M¯ , for a small r0 > 0,
the intersection M ∩ [r ≤ r0] contains only a finite number of connected
components, all of them containing ξ at their images. Furthermore, we may
assume |∇¯rT | ≥ a > 0 at M ∩ [r ≤ r0]. In particular, all 0 < s < r0 are
regular values for r. By the coarea formula,∫
M∩[r≤r0]
1
rγ
=
1
a
∫
M∩[r≤r0]
1
rγ
|∇rT | = 1
a
∫ r0
0
1
sγ
∫
M∩[r=s]
dσ2ds
=
∫ r0
0
1
sγ
O(sk−1)ds = O(1)
∫ r0
0
sk−1−γds = O(rk−γ0 ).(25)
The last term follows from the fact that k − γ > 0. By similar arguments,
since ∂M is also an isometrically immersed submanifold in M¯ ,
(26)
∫
∂M∩[r≤r0]
1
rγ−1
= O(rk−γ0 ).
In this section, we will analyse functions that satisfy the equalities in
Theorems 3.1 and 4.1, for the case p = 1. We recall that, for both theorems,
a function that satisfies the equality for p > 1 must be identically null.
For p = 1, the same conclusion fails, however, interesting conclusions are
derived.
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Let BR ⊂ Rn be a ball of radius R and center at some point ξ ∈ Rn and
let r be the distance function from ξ. We will prove the following
Proposition 5.1. Let Mk be a compact submanifold with boundary ∂M im-
mersed in Rn. Assume ∂M is contained in the hypersphere ∂BR = r
−1(R).
For 0 ≤ ψ ∈ C1(M), the equality in Theorem 3.1, with p = 1 and −∞ < γ <
k, occurs if and only if ψ = ψ(r), i.e., it depends only on r, and ψ′(r) ≤ 0.
Proof. For all 0 ≤ ψ ∈ C1(M), it holds
(27) (k − γ)
∫
M
ψ
rγ
+
∫
M
ψ
rγ
Φ ≤
∫
M
|∇Mψ|
rγ−1
+
∫
∂M
ψ
rγ−1
〈∇¯r, ν〉,
where Φ = γ|∇¯r⊥|2 + r〈∇¯r,H〉.
As in (30),∫
∂M
〈ψ ∇¯r
T
rγ−1
, ν〉 =
∫
M
ψp
rγ
[k − γ +Φ] + 〈∇Mψ, ∇¯r
rγ−1
〉.
We obtain ∫
M
|∇Mψ|
rγ−1
+ 〈∇Mψ, ∇¯r
rγ−1
〉 ≥ 0.
Thus, the equality in (27) holds if and only if ∇Mψ = −|∇Mψ|∇¯r, hence
ψ = ψ(r), i.e., depends only on r, and ψ′(r) ≤ 0. 
Now, we will analyse Theorem 4.1 for the case p = 1.
Proposition 5.2. Let Mk be a compact submanifold with boundary ∂M im-
mersed in Rn. Assume ∂M is contained in the hypersphere ∂BR = r
−1(R).
For 0 ≤ ψ ∈ C1(M), the equality in Theorem 4.1, with p = 1 and 2 < γ < k,
occurs if and only if ∆ψ ≤ 0.
Proof. Let 0 ≤ ψ ∈ C1(M). By Theorem 4.1 with p = 1 and 2 < γ < k,
(γ − 2)(k − γ)
∫
M
ψ
rγ
+ (γ − 2)
∫
M
ψ
rγ
Φ
≤
∫
M
|∆ψ|
rγ−2
+
∫
∂M
1
rγ−2
〈∇Mψ + (γ − 2)ψ ∇¯r
T
r
, ν〉.(28)
Since r = R in ∂M ,
(29)
∫
∂M
1
rγ−2
〈∇Mψ, ν〉 = 1
Rγ−2
∫
∂M
〈∇Mψ, ν〉 = 1
Rγ−2
∫
M
∆ψ,
and, by Lemma 2.2 (using that X = r∇¯r),∫
∂M
〈ψ ∇¯r
T
rγ−1
, ν〉 =
∫
∂M
〈ψ X
T
|X|γ , ν〉 =
∫
M
divM (ψ
XT
|X|γ )(30)
=
∫
M
ψ
|X|γ [k − γ +
γ|X⊥|2
|X|2 ] + 〈∇
Mψ + ψH,
X
|X|γ 〉
=
∫
M
ψp
rγ
[k − γ +Φ] + 〈∇Mψ, ∇¯r
rγ−1
〉.
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Furthermore,∫
M
〈∇Mψ, ∇¯r
rγ−1
〉 = − 1
γ − 2
∫
M
〈∇Mψ, ∇¯r2−γ〉(31)
= − 1
γ − 2
∫
M
[div(r2−γ∇Mψ)− r2−γ∆ψ]
= −R
2−γ
γ − 2
∫
∂M
〈∇Mψ, ν〉+ 1
γ − 2
∫
M
r2−γ∆ψ
= −R
2−γ
γ − 2
∫
M
∆ψ +
1
γ − 2
∫
M
r2−γ∆ψ.
By (29), (30) and (31), we obtain
0 ≤
∫
M
1
rγ−2
(|∆ψ| +∆ψ) =
∫
M
2
rγ−2
(∆ψ)+
Thus, using that |∆ψ| = (∆ψ)+ + (∆ψ)− and ∆ψ = (∆ψ)+ − (∆ψ)−, the
equality in (28) holds if and only if ∆ψ ≤ 0 in M . 
6. Applications
We recall that an isometric immersion f : M → Rn is said to be self-
shrinker if the mean curvature vector satisfies
H = −1
2
f⊥.
In this case, the radial vector X = r∇¯r coincides with f , in particular the
support function 〈H, ∇¯r〉 = − r2 |∇¯r⊥|2. By Theorem 3.1, it follows
Proposition 6.1. Let Mk be a closed manifold isometrically immersed in
a Hadamard manifold M¯ . Let r = dM¯ (· , ξ) be the distance in M¯ from any
fixed point ξ. Assume the mean curvature of M satisfies
(32) 〈H, ∇¯r〉 ≥ −λr
2
|∇¯r⊥|2,
for some λ > 0. Then, supM r
2 ≥ 2k/λ.
Proof. By contradiction, we assume supM r
2 < 2k/λ and choose γ < k so
that supM r
2 < 2γ/λ. Thus,
Φ = γ|∇¯r⊥|2 + r〈∇¯r,H〉 ≥ (γ − λr
2
2
)|∇¯r⊥|2 > 0.
So, Φ− = 0. Applying Theorem 3.1 with ψ = 1, we obtain a contradiction.

We remark that Proposition 6.1 is optimal. In fact, the round k-dimensional
hypersphere Sk(0,
√
2k) ⊂ Rk+1 of radius √2k and centered at the origin is
self-shrinker. So, the equality in (32) holds with λ = 1 and r2 = 2k.
We define the extrinsic diameter D(M) of a submanifold M in M¯ as the
infimum of the diameter among all geodesic ball in M¯ that contains M .
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Theorem 6.1. Let Mk be a compact manifold with boundary ∂M 6= ∅
isometrically immersed in a Hadamard manifold M¯ and let D = D(M) be
the extrinsic diameter of M . Then, the first eigenvalue of the Laplacian of
M satisfies
λ1(M) ≥ k
2
D2
(1− D
k
sup
M
|H|).
Proof. Let 0 ≤ ψ ∈ C1(M), with ψ 6≡ 0 and ψ = 0 on ∂M . Using Theorem
3.1, with γ = 0 and p = 2, we obtain
k2
4
∫
M
ψ2 +
k
2
∫
M
ψ2Φ ≤
∫
M
r2|∇Mψ|2 ≤ D
2
4
∫
M
|∇Mψ|2.
Note that, in this case, Φ = r〈∇¯r,H〉 ≥ −D2 supM |H|. Hence,
k2
4
∫
M
ψ2 − kD
4
sup
M
|H|
∫
M
ψ2 ≤
∫
M
r2|∇Mψ|2 ≤ D
2
4
∫
M
|∇Mψ|2.
Since λ1(M) = infF
∫
M
|∇Mψ|2∫
M
ψ2
, where F is the set of all 0 ≤ ψ ∈ C1(M),
with ψ 6≡ 0 and ψ = 0 on ∂M . We obtain
k2
4
− kD
4
sup
M
|H| ≤ D
2
4
λ1(M).
Theorem 6.1 follows. 
References
[1] Badiale, M.; Tarantello, G. A Sobolev-Hardy inequality with applications to a non-
linear elliptic equation arising in astrophysics. Arch. Ration. Mech. Anal. 163 (2002),
no. 4, 259 - 293.
[2] Bazan, A.; Neves, W., A scaling approach to Caffarelli-Kohn-Nirenberg inequality.
Preprint arXiv: 1314.1823.
[3] Bianchini, B.; Mari, L.; Rigoli, M., Yamabe type equations with a sign-changing non-
linearity, and the prescribed curvature problem. J. Differential Equations 260 (2016),
no. 10, 7416 - 7497.
[4] Carron, G. Ine´galite´s de Hardy sur les varie´te´s riemanniennes non-compactes. J.
Math. Pures Appl. (9) 76 (1997), no. 10, 883 - 891.
[5] Caffarelli, L.; Kohn, R.; Nirenberg, L. First order interpolation inequalities with
weights. Compositio Math. 53 (1984), no. 3, 259 - 275.
[6] Catrina, F.; Wang, Z. On the Caffarelli-Kohn-Nirenberg inequalities. C. R. Acad. Sci.
Paris Sr. I Math. 330 (2000), no. 6, 437 - 442.
[7] Catrina, F. ; Costa, D. G. Sharp weighted-norm inequalities for functions with com-
pact support in RN\{0}. J. Differential Equations 246 (2009), no. 1, 164 - 182.
[8] do Carmo, M.; Xia, C. Complete manifolds with non-negative Ricci curvature and the
Caffarelli - Kohn - Nirenberg inequalities. Compos. Math.140 (2004) 818 - 826.
[9] Hoffman, D.; Spruck, J. Sobolev and isoperimetric inequalities for Riemannian sub-
manifolds. Comm. Pure Appl. Math. 27 (1974), 715 - 727.
[10] Michael, J. H.; Simon, L. M. Sobolev and mean-value inequalities on generalized sub-
manifolds of Rn. Comm. Pure Appl. Math. 26 (1973), 361 - 379.
[11] Kombe, I.; O¨zaydin, M. Hardy-Poincare´, Rellich and uncertainty principle inequali-
ties on Riemannian manifolds. Trans. Amer. Math. Soc. 365 (2013), no. 10, 5035 -
5050.
HARDY AND RELLICH INEQUALITIES ON SUBMANIFOLDS 15
[12] Ledoux, M. On manifolds with non-negative Ricci curvature and Sobolev inequalities.
Comm. Anal. Geom. 7 (1999), no. 2, 347 - 353.
[13] Pigola, S., Rigoli, M. and Setti, A. G., Vanishing and finiteness results in geometric
analysis, Progress in Mathematics, vol. 266, Birkha¨user Verlag, Basel, A generaliza-
tion of the Bochner technique, (2008).
[14] Xia, C. The Gagliardo - Nirenberg inequalities and manifolds of non-negative Ricci
curvature, J. Funct. Anal. 224 (2005) 230 - 241.
Instituto de Matema´tica, Universidade Federal de Alagoas, Maceio´, AL,
CEP 57072-970, Brazil
E-mail address: mhbs@mat.ufal.br
Instituto de Matema´tica, Universidade Federal do Rio de Janeiro, Rio de
Janeiro, RJ, CEP 21945-970, Brasil
E-mail address: mirandola@ufrj.br
Instituto de Matema´tica, Universidade Federal de Alagoas, Maceio´, AL,
CEP 57072-970, Brazil
E-mail address: feliciano@pos.mat.ufal.br
